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Basic rules and axioms
RE ifo—yelL, then Up«—[lpeL
RM if p -9 e L, then Up — [y € L
RC ifoAYy —-xe L, then UpAllyY — Ly € L

RR if Al - ¢ € L , then ALl — Y € L,
where I' # &

RN if ope L, then Lpe L

M O(p A1) — Op A Oy

C Op Al — O(p A1)

K O(p — ¢) — (Op — L)

N T



Modal Logics

Every L containing CPL and closed wrt RE is
congruent (classical)

Every L containing CPL and closed wrt RM
is monotonic (or every congruent L containing

M)

Every L containing CPL and closed wrt RR is
regular (or every monotonic L containing C)

Every regular L closed wrt RN is normal
Hierarchy

Let E denote the weakest congruent logic, M
— the weakest monotonic, R — the weakest
regular, and K — the weakest normal logic.



The Big Five

D Uy — =l

T Lo — o

4 [y — Ul

B ¢ — L=l—p

5 -y — H=0e



The Dependence Theorem

CPL+TH+D

CPL+T+5+B

CPL4+D+4+4+BFT

E4+T+5-4

E4+B+44+DF5 M+ B+4F5

E4+B+54+4TFH4 M+ B+5F4

E4+B+THFN M+ BFN

There is 18 different E-logics, 15 M-logics, 16
EN-logics and 10 MN-logics axiomatized with
D, T, 4, B, 5over E and M with possibly RN
added



SC-CPL — rules

(AX) o=

0 A RTE T

(=) so,rl?=>AA (=W) r;:ZA,so
©=) A (=0) TPEERE
(=) ﬁr;l_g,z (=) rérZ,ﬂAso
RS o0 BRREE
=) S Ay OV IS A

= A, p o, MN=> X o, M= A,
(==) > (=—) (= A, p—



General Rules

(E) 27 ¥ L= ¢ M) 2=t

(C) L¥=X X=>¢ x=1
Ly, Ly = Uy

= o, = A
(N) =15 M g2 rsa

corresponding to:
RE ¢« ¢ / Up <« Uy

RM ¢ —vy / Up— Ly
(ortoM O(pAvy) —Op Al )

RC ¢, ¢ — x / Up, Uy — Ux
(orto C oAy — O(pAY) )

RN ¢ /Op ( orto N OT )

T Lo —



Special Rules

(0-2) Pt

Lo =19 ¢ = Ly

(4-2) Mo = LTg

= Up, v Up, ¢ =
= Uep, L

(5-2)

(B_Q) = D()O7w D% ¢ =

= ¢, L]

corresponding to:

o 4 [lp — lp

e 5 —[lp— [=lyp

e B o — O-O—¢




Equivalence of the systems

The case of 5 and (5-2)

(5-2) implies 5

Lo = U Lo = U
= Uy, =Ly Uy, =y =
= Ly, L=l
= =l — L=l

(—=)
(5-2)
(—=)
(=—)

(= )

(E) + 5 implies (5-2)

= = =lp =L = Ly (Cut)
=Ly = Ly (= )
= Dwa _'_'DSO




Additional Rules

' = ©, , —
(D'-2) iwﬂ%%@%

e=>Uy LY=o

(4'-2) T = 0Ip

= Up, v Up, ¢ =
L, Ly =

(5'-2)

(B’_Q) = D@a ¢ DQO, TP =

o, LI =

corresponding to:

o D' —ll-p — Uy

e 4" [y — Uy

e 5 [-llp — =Ly

e B' [-l-p — ¢

= 0, Y

(DY) =0ty

(4')

(5")

(B")

o = LI

Llp = Ly

Up, v =

L, L) =

U, p =
o, LIy =




Cut-elimination

In the class of M-logics cut is admissible in:
SC-M, SC-MD, SC-MT, SC-M4, SC-M5,
SC-MT4, SC'-MD4, SC-M45, SC’-MD45;
the same holds for respective MN-logics

In the class of E-logics cut is admissible in:
SC-E, SC-ED, SC-ET, SC-E5, SC-ET4;
the same holds for EN-logics except SC-END

1. Both E5 and M5 (and their N-counterparts)
have cut-free formalization in contrast to Rb5
and K5

2. Neither ED5 nor MD5 (and their N-counterparts)
have cut-free formalisation

3. Cut-elimination fails for all B-logics
4. In E-logics cut-elimination fails for almost

all 4-logics (the exception is ET4 in contrast
to M-logics



Decision procedures for M-logics

I, Dgp].)"w':lgpl - lew“amwlw A,

where TUA CVAR, TNA=0andl+ k>0

Characteristic sets of sequents:
Sy ={pi=v; i<l j<k}
Sa = {Up; =; @ i<, 7 <k}
Ss = {=;, ¢¥; : i<k, j<k}
Sp ={pi, pj=: 1<, <1}

Sps = {wi=0y; : i<, j<k}



Sy, - The set of subproof generators for each
logic having cut-free formalization:

Calculus S,

SC-M S

SC-MT Sur

SC-MD SyUSp

SC-M4 Sy USa

SC-MT4 | S, US4

SC-M5 Sy USs

SC*-MD4 SyyuUSpuUSasUSpy

SC-M45 Sy US4 USs

SC*-MD45 | S, USpUS4US5USpa USps

The meta-rule of Subtree Generation (SG)

SI.
(SG) I_, Dgpl,...,[lgol = ley-“a‘jlpk) A

Note! In MD4 and MDA45 possible loops due
to repetition of sequents of the form o,y =
(cf. the definition of Sp,) but in M4, MT4,
MA45 no risk of infinite branches!



